Let F = (X1 + A 
A polynomial map F in dimension n is an n-tuple (F 1 ; F 2 ; : : : ; F n ) of polynomials in C[X 1 ; X 2 ; : : : ; X n ]. The degree of F is deÿned by deg F = max n i=1 deg F i . If G is another polynomial map of the same dimension then the composition FG is deÿned to be the polynomial map (F 1 (G 1 ; G 2 ; : : : ; G n ); : : : ; F n (G 1 ; G 2 ; : : : ; G n )). We say that F is invertible if there exists a polynomial map G of the same dimension such that FG and GF are both identities, i.e., both are equal to (X 1 ; X 2 ; : : : ; X n ). A polynomial map F is a Keller map if the determinant of its Jacobian JF = (@F i =@X j ) is a nonzero element in C, i.e., det JF ∈ C * . By the chain rule for Jacobians, invertible polynomial maps are Keller maps. The famous Jacobian conjecture states that any Keller map is invertible (see, e.g. [1] or [5] ).
A polynomial map is elementary if it is of the form (X 1 ; : : : ; X i−1 ; X i +p; X i+1 ; : : : ; X n ), where p ∈ C[X 1 ; : : : ; X i−1 ;X i ; X i+1 ; : : : ; X n ]. It is tame if it can be written as a composition of invertible linear maps and elementary maps. A polynomial map is triangular if it is of the form (X 1 + p 1 ; X 2 + p 2 ; : : : ; X n + p n ), where p i is a polynomial in C[X i+1 ; X i+2 ; : : : ; X n ]. A polynomial F is linearly triangularizable if it can be made triangular by linear conjugation, i.e., there exists a linear invertible polynomial map such that F −1 is triangular. It is not hard to show that linearly triangularizable maps are tame and that tame maps are invertible.
A polynomial map F is cubic linear if it is of the form (X 1 +A 3 1 ; X 2 +A 3 2 ; : : : ; X n +A 3 n ) where A i is a linear form in X 1 ; X 2 ; : : : ; X n . Drużkowski [3] showed that in order to prove the Jacobian conjecture it is enough to prove it for cubic linear maps. He also proved in [4] that if the coe cient matrix of the linear forms A 1 ; A 2 ; : : : ; A n has either rank or corank at most 2 then the cubic linear map is tame. In this note we improve the above result by showing that these maps must be linearly triangularizable.
When n = 5 this has been proved by Hubbers [8, Theorem 8:3] based on his classiÿ-cation of the cubic polynomial maps of dimension 4 using extensive machine computations [7] . The proof contained in this note was discovered using a computer algebra package but is independent of any result based on machine computations.
Let F = (X 1 + H 1 ; : : : ; X n + H n ) be a Keller map. It is worth noting that if each H i is quadratic homogeneous and n ≤ 4, Meisters, Olech, van den Essen and Hubbers have proved that F is linearly triangularizable (see [6, 9] ). When each H i is cubic homogeneous and n = 3, Wright has proved that F is also linearly triangularizable (see [10] ). In [2] it is shown that if H i is a power of a linear form of degree at least two and n=3 then F is linearly triangularizable. The main theorem of this note implies that if each H i is the cube of a linear form and n ≤ 5 then F is linearly triangularizable. Proof. Based on the proof of [4, Theorem 2:1] we only have to consider the case where rank M =2, i.e., the subspace of C[X 1 ; : : : ; X n ] generated by A 1 ; A 2 ; : : : ; A n having dimension 2. First, we may assume that no two nonzero A i 's are similar. For if A j = sA i for some s ∈ C * and i ¡ j then F −1 =(X 1 + A 3 1 ; : : : ; X j−1 + A 3 j−1 ; X j ; X j+1 + A 3 j+1 ; : : : ; X n + A 3 n ) where =(X 1 ; : : : ; X j−1 ; X j −s 3 X i ; X j+1 ; : : : ; X n ) and A k =A k (X 1 ; : : : ; X j +s 3 X i ; : : : ; X n ) is a linear form in X 1 ; : : : ; X n . Since rank M =2, after conjugating F with an appropriate permutation map, we may assume that A 1 ; A 2 are independent and that A i = p i A 1 + q i A 2 for 3 ≤ i ≤ n. Since no two nonzero A i 's are similar, we have for each i that p i ; q i are both zero or both nonzero. Henceforth, after conjugating with a permutation map, we may assume there exists k ≥ 2 such that p i ; q i are nonzero for 3 ≤ i ≤ k and p i = q i = 0 for i ¿ k.
We ÿrst show that after conjugating F with a linear polynomial map, we may assume that k ≤ 4. Suppose k ≥ 5. Then p 3 ; q 3 ; p 4 ; q 4 are all nonzero. Let i = (X 1 ; : : : ; X i−1 ; X i − p 3 i X 1 ; X i+1 ; : : : ; X n ) and i = (X 1 ; : : : ; X i−1 ; X i − q 3 i X 2 ; X i+1 ; : : : ; X n ). If
n , then Expanding det JF and collecting homogeneous components as a polynomial in A; B; C; D we see that det JF ∈ C * (or det JF = 1) is equivalent to the following:
By assumption, we have
Since k = 4, p i = 0, q i = 0 for i = 1; 2. Since C; D are not similar, (pq) 12 = 0. Substituting (1) into the left-hand side of (J2), we get a polynomial (A; B) in A; B. 12 (cd) 34 ;
(bd) 24 = p 3 2 q 1 (pq) 12 (cd) 34 :
Substituting (7) and (8) into (2) and (6) 
Substituting (7) - (10) into (4) 
We claim that (ab) ij = 0 for some distinct i; j where 1 ≤ i; j ≤ 4 and consequently, by (12) - (16) 
Similarly from (13), we have
Substituting (19) into (15), we have (b 2 + p 
Substituting (17) and (19) into (16), we have (p Substituting (1) into (J1) to obtain a polynomial equation in A; B and noting that A; B are algebraically independent, we see that the coe cients of A 2 ; AB; B 2 must be zero, i.e., 
From (25) - (26), we get a 3 = a 4 = 0. By (24), a 1 = 0. Hence a i = c i = d i = 0 for i=1; 3; 4. Conjugating F with the permutation map (X 1 ; X 4 ; X 3 ; X 2 ; X 5 ; : : : ; X n ), we obtain a triangular map. where u = − t 3 r 2 ; v = t 3 r. Pick = 0 so that u = 0. Let h = 3 u 2 =v, k = 3 v 2 =u. Conjugating with (X 1 ; X 2 ; X 3 + h 3 X 1 + k 3 X 2 ; X 4 ; : : :) we assume F = (X 1 + A 3 ; X 2 + B 3 ; X 3 + (hA + kB) 3 ; X 4 + (t(rA − B)) 3 ; X 5 ; : : : ; X n ) ;
hence F = (X 1 + A 3 ; X 2 + B 2 ; X 3 + C 3 ; X 4 + D 3 ; X 5 ; : : : ; X n ), where D is a linear form in X 5 ; X 6 ; : : : ; X n . Therefore 
